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. INTRODUCTION

We consider the Dirichlet problem for a function

satisfying the linear elliptic differential equation
(1.1) L€¢ = €L2¢ + Ll¢ = f(x,y3€) in Q

vith boundary conditions

(1.2) ¢ = h(x,y;3€) on 9% .

The domain  is a bounded domain in ﬂfl(n=k+m) of such
(1.3) (x,y) € @ implies (x,0) € Q.

The operator L, is a second order partial differential

elliptic in @, L, is a first order differential operat

have coefficients being Holder continuous in ,

2

ok 52 k m d
(1.4) L, = i,jzl o5 552553 + 121 jzl 2855 axiayj
and
m
(1.5) L= Lob 537'
j=1 J

The differential operator

k 2

)
(1.6) . .Z OLij(x’o) 0X.0X.
1,]=1 13

is supposed to be uniformly elliptic in PX = {x | (x,0

it is assumed that

(1.7) b(x,y) = 0 iff |y| =0,

REFE I SRR

n that

tor, uniform

th operators

. Furthermor




0 on 23R,

IA

v(x,y)*b(x,y)

—Llylz in Q,

IA

)

b.(x,y)y.
v(x,y) 1is the outer normal to 32, L a positive constant independent
and |y| the Euclidian length of y (]y| = /y%+...+ym).

Condition (1.7) gives the problem its turning-point character; the

icients of the first derivatives of (1.1) wvanish on the set
) r={(xy) | <y e, |y| =0}

e interior of the domain Q. Because of (1.9) we cannot apply the
um principle in a way as carried out by DE JAGER [5], where k = m = 1
y(x,O) > 0. For application of the maximum principle to elliptic
lar perturbation problems without turning-points we refer to ECKHAUS
E JAGER [2]. The class of elliptic problems with isolated turning-
s was analyzed on its spectral properties by DE GROEN [4] and with
1 methods by GRASMAN and MATKOWSKY [3].

It is our purpose to give asymptotic estimates of solutiomns of (1.1)
9), which too are based on the maximum principle for elliptic differ-
1 equations. It turns oﬁt that the behaviour of the solution in Q is

y determined by the elliptic problem in FX as described by (1.6).
XIMUM PRINCIPLE AND BARRIER FUNCTIONS

For the operator LE given by (1.1), (1.4) and (1.5) we formulate the
im principle as follows: a twice continuously differentiable function
isfying L8¢ > 0 in a domain Q cannot have a maximum in Q, see PROTTER
iINBERGER [8, p.61]. The following lemma is a direct consequence of

aximum principle.

2.1. If the twice continuously differentiable functions ¢ and ¥
fy




2.1) IL€¢| < -LEW i Q,
nd if lo] < ¥ on 39, then ¢l <¥ in Q.

ROOF. From the maximum principle and (2.1) we deduce that ¢ - ¥ does not
ave a maximum in Q and since ¢ - ¥ < 0 on 3R, we conclude that ¢ — ¥ < 0
n 8. Similarly, —¢ - ¥ does not have a maximum in @, and —¢ -¥ < O at 29,

o that -¢ - ¥ < 0 in @. Combining these results we obtain |¢] < ¥ in Q. [

The uniform boundedness with respect to € of solutions of (1.1) - (1.9)

is established by the following theorem.

THEOREM 2.1. Let the twice continuously differentiable function ¢ satisfy
2 .
(2.2) !L€¢I < Mlyl”™ 7n Q

md |¢] < N on 3Q with M and N independent of e. Then there exists a
constant K independent of e such that

(2.3) l¢l < K Zn Q.

PROOF. We introduce a so-called barrier function

(2.4) ¥(x,y) = -UG) + Rlyl® + s,

in which we choose R>M/L with L given by (1.9) and U(x) such that

k 82U m
(2.5) z aij(x,O)—————- =P + 2R Z Yij(x,O) in PX

.. 90X .0X. ..
1,3=1 1] 1,3=1

and U = 0 on BFX, where P is some positive constant independent of e. This
boundary value problem for U has a unique twice continuously differentiable
solution, see [1, p.336].

Since the coefficients aij and Yij are Holder continuous, there exists a

positive constant F, such that




k BZU m
C L oY) e s 2R ) v Gey) > F dn Q.
i,3=1 1] i,3=1

;IZ > ¢F/M we have

k 82U m m
Lt = 8{. DT o Tl ) Yij} - R ) by, >
1,3=1 1 7] 1,3=1

—eF + 2RLyl% = Mly| 2.

se of the Holder continuity of aij and Yij at y = 0, we may replace
by the following estimate for |y|”~ < eF/M

k 2

37U E
C A 000y e T R ) v (y) = P S(x,y)
1i,3=1 1] i,3=1 ,

5(x,y) > 0 as € > 0. Thus, for Iyl2 < eF/M we have
2 2 2
-L ¥ = elP+0(1)} + 2RLIy|" > 2M|y|” > Mly|”.

ly, S of (2.4) is taken sufficiently large such that
) Y >N on of2.

(2.7) and (2.9) we conclude that

) ILE¢| < —LE¢ in Q,

from (2.10) it follows that |¢| < ¥ on 3Q. Using lemma 2.1 we obtain
¥ in Q. Since the function U(x) as well as the domain Q is bounded,

itive constant K can be found such that ¥ < K in ﬁ, which completes

roof of the theorem. O

[he next theorems show that the barrier function only needs to satisfy

ifferential equation upto O(e) in a O(/E5 neighbourhood of T.




HEOREM 2.2. Let the twice continuously differentiable function ¢ satisfy
2.12) |L€¢l < Me in 9

nd |¢] < N on 30 with M and N positive consltanls independenl of . Then

here exists a constant K independent of € such that

2.13) l¢] <K Zn Q.
'ROOF. As a barrier function we introduce the function
2.14) ¥(x,y) = -U(x) + S,

rith U satisfying

g 52U
2.15) z OLij(X,O) _(S—;.—_- =M+ 1

.. 6x.
i,3=1 1]

n FX and U = 0 on BFX. Because of property (1.3) ¥ is defined everywhere

n Q. We see that
2.16) IL€¢| < Me < (M+l)e = —LEW.

aking S sufficiently large we also have [¢]| < N < V¥. Inequality (2.13)

‘ollows then from lemma 2.1. [J

The proof of the following theorem as well as that of its corollary is

-he same as the proof of theorem 2.1 and will be omitted for that reason.

[HEOREM 2.3. Let the twice continuously differentiable function ¢ satify
) 2 .
2.17) |L€¢| < M(lyl +e) in Q

and |¢] £ N on 30 with M and N positive constants independent of €. Then

a constant K independent of e exists such that |¢| < K in Q.




LARY 2.1. Let the twice continuously differentiable function ¢(x,y;e)
Ty

2 .
) IL_¢l < M(lyl"+e)f(e) in @
6] < Nh(e) on 3Q with f and h continuous, positive functions for

< £, (EO suffictently small) and with M and N independent of e. Then

stant K independent of e exists such that in Q

A

a) lo] < Kf(e) <f h/f Zs bounded for e - 0,

A

b) l4] < Kh(e) <Zf £/h Zs bounded for e - O.

'YMPTOTIC APPROXIMATION

.t us assume that by some matched asymptotic approximation procedure
ve found a formal uniformly valid asymptotic solution, say ¢as’ of

, (1.2). Its validity can be proved as follows. Substitution of

¢ (x,y3€) = ¢as(x,y;8) + R(x,y;¢€)

l (1.1) and (1.2) gives the following problem for R
LR=f-L4¢ in Q
3 £'as
R=h-9¢ on R,
as
. are able to show that the right-hand sides of (3.2) and (3.3) have
esired behaviour to apply corollary 2.1, the smallness of the remain-

erm R is established. It is to expect that the problem (1.1) - (1.9)

. boundary layer structure. This complicates the construction of a

ble ¢as’ as the derivatives of ¢as may increase with some inverse
of € in the boundary layer. This difficulty can be surmounted by

g (small) boundary layer corrections to the asymptotic approximation.




s an example we de

atisfy
3.4) L ¢

€

n a bounded region
3.5) Q= {(x

3
ith pi(x) e C[-1,

ee figure 1. Moreo

ith b, (x) e C’[-1,

HEOREM 3.1. Let th
3.4) in the domain
3.6). For € suffic
ent of € such that

3.7) l¢ - o,

ith

"
M

h the following problem.

2

379l _ 3¢
It - y==0
ay2d 7Y

m? specified as
-1l <x <1, -p_(x) <y <

(=1) = p,(1) =0 and p,(

satisfies the boundary

Fig. 1

tion ¢(x,y3e) satisfy th
specified by (3.5), wit

small there exists a po

he function

for -1 < x
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erential equ
dary conditi
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+ —-—
¢as(x,y;€) = U(x) + VO(X,Y;€) + VO(X,Y;E)a

U(x) = ${h(1) = h(-1)}(x+1) + h(-1),

+ - ﬂpi(x):y}
) Vo(x) = hi(x) exp {-ui(X)——~E——— .
_ p, (x)
h, (x) = h, (x) - U(x), @i(X) =7
p+(x) +1
. It is easily verified that in y = p,(X)¥en, L 1se
i :
-+ 0 with n fixed. Therefore, and because of the a
'r accuracy near y = 0, we introduce additional t ns:

) §, . (%5y5€) U(x) + Vg(x,y;E) + Va(x,y;e)

+

e{VT(x,y;E) + VI(x,y;e)} +

+

2, + -
e {V,(x,y3e) + V,(x,y5€)}

+ +
VE = V;(x,n), n = {p+(xh:y}/€ satisfying the fol

m of equations with boundary conditions

MV = 0 *(x,0 - h
) 0 0 - 9 VO(XQ ) = i(X)’
MV = MV *(x,0) = 0
) O I - ] 0’ .Vi(xs ) - 3
+ + + + + 4+ +
) MgV, = MV] - MV, V,(x,0) = 0,
2
+ 2 3 9
M, = {pi(x) +1}‘“§ + Pi(x)gﬁy
an
M= 2p' (x) © . {p" (x)-n}=>=
1 P axan = Pi e




Mi = 32
2 8x2
-1_+ + + .
lote that LE = ¢ MO + M} + EMZ. In (3.10) we already gave the solution of

3.12). For V1 we find

3.15) Vf(x,n) = -%ﬁi(X)YW + {%Ei(x)p;(x) + Ei(x)pi(x)}nzjexp{—ai(x)n},

thile V, has the form

2
N &, e, (on
3.16) Vy(x,m) = ) A (®ne T,
i=1
* L BN T ' no_m
Ai = Ai(hi,hi,hispispispi;l)i ).

'rom this we find by straight forward calculation that a constant M exists
juch that

3.17) ngﬁiSMez in Q,

thile also a constant N can be found such that Iﬁl < Ne on 9Q2. From corol-
ary 2.1 it is concluded that IR| < Ke in Q for some K. Finally, we prove
‘he validity of (3.7) by verifying that the additional terms Vi, i=1,2
re 0(e) in Q. 0O

1
It is noted that if p+(x) € C2 and/or h+(x) € C outside a neighbour-
wod of x = *1, the estimate (3.17) can be replaced by ngﬁl < (y2+€)Me
+
n $. Then VE have to be multiplied with a smooth cut-off function in x

thich is identically one near x = *1 and zero away from these points.
-« SOME REMARKS

We presented a method for estimating the accuracy of asymptotic
ppproximations of problems of the type (1.1)-(1.9). The construction of
uch asymptotic solutions is an aspect of the problem we did not study in

epth and which may lead to interesting procedures of matching local
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isymptotic solutions. Depending on the data and the required
nay be necessary to construct corner layer solutions. Partic
approximations it is worthwhile to confine oneself to the 1lo
order of approximation needed to apply corollary 2.1. In thi
is remarked that within a neighbourhood of the set T the dif
equation has to be satisfied with a higher order accuracy th
This plays a role in problems with boundaries 3R being smoot
in which a new type of corner layer of thickness 0(/e) occur
The results of the above investigations are important
of dynamical systems with small random perturbations. Let us

n-dimensional system

(4.1) dz _

with b;(z) = 0 for i = 1,...,k<n and with (bj+k(z),...,bn(z)
(1.7)-(1.8). Let the system be slightly disturbed by Gaussia
then the trajectories of z in Q satisfy the stochastic diffe
(4.2) dze(t) = b(zs)dt + EG(ze)dw(t), 0 < e << 1,

where w(t) is the n-dimensional Wiener process and c(zs) the
matrix. A trajectory starting at a point zy € Q reaches the
with probability 1 (well-known result in probability theory)
bility distribution of points z ¢ 30 where the trajectory fi
from the domain Q is denoted by pe(z,z ). It can be shown (s

and SCHUSS [7] that

(4.3) ¢(z3€) = f h(z)p_(z,2)ds_ ,
z
1Y)

where ¢ is the solution of the problem (1.1)-(1.7) with z =

*

(¢ R Ko
(4.4) \ ) =lox o, (" denotes the adjoint).
B Y

acy it
- for such
ossible
ect it
ial
ewhere.
r,
3 n T.
study
der the

n by
e noise,
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proba-
its
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\s an example we mention a problem from genetics, namely the problem of
.orrelations between loci and the possible extinction of certain genotypes,
jee LITTLER [6]. A population of diploid individuals, each characterized by
.ts genotype with respect to two loci and with two alleles at each locus,

s described by the fractions of types AB, Ab, aB and ab. Let these frac-—
:ions be P> i=1,2,3,4 and let y be a measure for the total number of

ndividuals (y >> 1). Then in terms of the deterministic problem we have

:0 deal with

3 2 3 3 2

, 1 3% 3%

4.5) = 2 p: (1-p.)—5— - Z z P:P:o
2t b Map? o gmn geier D IOP0P

fmy 5 ) — /3¢_a¢_a¢>_
-y{p, (1-py=pP,"P3) pzp3}\3p] %, o, =0

in a domain S = {(pl,pz,pB) l P1sPysPy > 0, p1+p2+p3 < 1}. Substitution
>f

Py = XXyt Y
(4.6) P, = xl(l—xz) -y
Py = (l—xl)x2 -y

transforms equation (4.5) into

2
2 2 2 2
1 d ) 3
7 1 Xi(l'xi)ax¢ T Yk ;; + 1 yU=2x)50 gy *
i=1 i 1772 i=1 i
2
_ _ _ _ _ .20 ¢ _ 3¢ _
{XIXZ(I x])(l x2) + y(1 2x])(1 2x2) y }g;f (Ykl)yay = 0.

The domain S transforms into a domain of the type @ satisfying (1.3) with
FX = {(xl,xz) | 0 < X%, < 1}. However, there is one complication: the
operator L, is not uniformly elliptic. Thus, we are only able to make

estimates in subdomains Q' of Q bounded away from 3Q with ¢ given on 3Q'.
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